Category Theory

From objects and arrows to Algebra
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Category

» Objects ‘(/
» Morphisms (Arrows) B-
» Composition

3
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Composition - 2. O C

S:ou—‘@* / & 4 /

. O a (7~ b
3 : o~ )
NS g
N\ e
» Morphisms can be composed: \ -

> Iff:AsBandg:B— C thengof:A—C —
» Composition must satisfy some rules
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Composition. Associativity
/////””—’—;:j-\\\\\{> c)

&:/\-/—\‘A'/\dn

> Forall f:A—=B,g:B—C, h:C— D,

ho(gof)=(hog)of

» Grouping does not change the result
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Composition. Identity

» Every object A has an identity morphism ids : A — A
» Forany f:A— B,

idgof =f="foidg

&\9, vd
6/?’\ ’\L

3§ =h=geud,

P |dentity acts as a "do nothing" operation
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Category

> A collection of Objects
> Between any two objects, A and B a collection of Morphisms Hom(A, B)
» For each object A, an identity morphism ids : A — A.

» For each triple of objects A, B, C, a composition law: If f : A— B and e
g:B— C,thengof:A— C.
e ¢
/-\A.

A iativity: F f:-A—-B g:B—C, h:C— D, &
ssociativity: For any — B, g — — o S

ho(gof)=(hog)of me  ~o__—

dentity: For any f : A — B, % o %

(&

idBOf:f: fOidA. -
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Isomorphisms - ~ C

(s Vide
o /
{
fo g = idA
gof =idg . /
A and B "are alike" in the category. \ ﬁ‘) "Ac
- /
- = ~ _
w
( D
L
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Hom-set

» For objects A, B in C, Hom(A, B) is the set of all morphisms from A to B.

» Generalizes the idea of "all arrows you can build from A to B".

Hom (u,@ = 5‘33, A, o
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Initial Object

ycf —,

\.0

» An object 0 such that for every object A, there is a unique morphism 0 — A.
> In Set, the empty set {). False
» Encodes the idea of the ”Igj]/s_;" or "universal starting point".
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Terminal Object

: xks?gﬁ‘-
/

&
> An object 1 such that for every object A, there is a unique morphism A — 1.
» In Set, any singleton set. True
» Encodes the idea of the "greatest" or "universal endpoint".
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Product Un'rvajzosa[ Constructions !

\4

i
) [ ]
1 ©y
?fdo \ m
. . saxb

Given objects A and B, product ) r‘- -
A X B comes with projections “
Ax B — Aand Ax B — B. %
For any X with morphisms X — A, e « B
X — B, there is a unique morphism Qe
X = Ax B.

In Set: Cartesian product of sets. 0}
.. = o K
Models "pairing" data. P
0"

C“'/ b,c) —— (a, %) ag

n oz Jiéralt) m::}

m . it%‘e( )
g; nd ()

12/18


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh



CoProduct

» Given objects A and B, coproduct
A+ B comes with injections
A— A+ Band B— A+ B.

» For any X with morphisms A — X,
B — X, there is a unique morphism
A+ B — X.

» In Set: disjoint union of sets.

» Models "either this or that" (sum

'E)EC/S). D : e —S D Lg}f{q)

177
E'n;&z o & ing: & —>~ Right(®)
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Semi-Ring. Algebra of Types

» Types and their sums/products behave like a semiring:
—» 0, +: initial object and sum (addition)
—#» 1, x: terminal object and product (multiplication)
> Distributive law: Ax (B+ C) = (Ax B)+ (Ax C)
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Bool

Onit
bool=2=1+1 J
enym

Y O ()
L@X{'D Ruzw D

7@5‘,@: m®+°"‘ T\JW{ %vﬂi': mod cp\. ﬁvoosi
twe = Lrd 4:%,,,.,.. Ledt (O & { } 7 2+3
falre =p 743 Right ©) D 3// 23

LS }
Wy —7
eloe


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh



Maybe/Option

Maybe(a) =1+ a

envm Cvdﬂonﬁ
E>¢9rng,(:‘f> A-

NDWC

}
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List Equation
L(a)=1+ax L(a)

:1+Q.X(1+¢L L(CLD

S+ o +AXETA .

17/18


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh


jonboh



(axb+c)xd=axbxd+cxd
(Ei{'hez(a,l') c, J) = E:ther (q/ &,J_) <C/’J
W*_*J W N
+ 2

o 1 ) >4 (2
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