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Koopman Operator Theory

Rocqg Theorem Prover
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Koopman Operator Theory References

» |gor Mezic ME203

» Modern Koopman Theory for Dynamical Systems
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https://www.youtube.com/@igormezic5715/videos
https://arxiv.org/abs/2102.12086

Autonomous system
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Flow
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Observables map from the state x to a vector of observations.
This observations are transformations of the original state.

g(t, x0) = 9(S"(x0)) (4)
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Figure: System Observation
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Figure: Application of the Koopman Operator
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The Koopman Operator evolves observations of the system in time from a specific
observation
"Dynamics on observation space"

Ug(x0) = 9(5%(x0)) )

The Koopman operator is a linear infinite dimensional operator, even for non-linear
systems.
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Spectral Analysis

Given a Linear Dynamical system
X = Ax (6)
The eigen-decomposition of A determines the characteristic dynamics on each of the
principal components of the system.
> Re[Aj] < 0: Stable System on direction i
» Re[A;j] > 0: Unstable System on direction i
» Im[\;] # 0: Oscillatory behavior on direction i
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Koopman Operator Decomposition
In a Linear System, the eigenvectors of a system fullfil
Av = Av (7)
In the case of the Koopman operator, the eigenfunctions of a system, ¢, fullfil

Ug(xk) = A(xx) (8)

Table: Conceptual mapping Linear — Non-linear

Linear Non-linear
Magnitude | X\ A
Direction | v € R" | ¢ € ()

1: The domain Q in L?() represents the set over which functions are defined. The functions must satisfy [q, |f(x)[?dx < oo, f is
square-integrable over the domain Q.
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Koopman Operator Realization

> Approximate finite dimensional representations of the Koopman Operator are
realizable by the Dynamic Mode Decomposition algorithm

» Spectral analysis and other tools in linear system theory are applicable to this
representations (eigenvalues+eigenfunctions)

» Dominant mode analysis
» Partition analysis
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https://en.wikipedia.org/wiki/Dynamic_mode_decomposition

Rocq Theorem Prover References

» Software Foundations Voll. Logical Foundations
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https://softwarefoundations.cis.upenn.edu/lf-current/index.html

Rocqg Theorem Prover

An interactive theorem prover, and proof assistant.
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